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A. Heisenberg model

As a Þrst example we consider the two-dimensionalS =
1/ 2 Heisenberg model on a square lattice with Hamiltonian

öH = J
!

!i,j "

Si áSj , (5)

where the sum goes over nearest-neighbor sites andSi is a
spin-1/ 2 operator on sitei . Reference values are taken from
Ref. [48] and are based on state-of-the-art quantum Monte
Carlo calculations. We use an iPEPS ansatz with two different
tensors (one for each sublattice) to represent the ground state
with antiferromagnetic order.

Figure 5(a) shows a comparison of the relative error of
the energy as a function of the bond dimensionD, obtained
with the three optimization methods. One can clearly see that
there is a substantial improvement when going from the simple
update to the full update calculations, as previously found.
But interestingly, the results obtained with the variational
optimization are even better, by roughly a factor 2! Also
the order parameter, the staggered magnetizationm shown
in Fig. 5(b), is considerably improved.

It is important to point out that the difference between the
full and the variational update is not due to the Trotter error
in the imaginary-time evolution. In Fig.5(c) the dependence
of the result forD = 4 as a function of the Trotter step!
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FIG. 5. (a) Relative error of the energy per site of the 2DS = 1/ 2
Heisenberg model as a function of the bond dimensionD obtained
with three different optimization methods for iPEPS. (b) The order
parameter (staggered magnetization) as a function ofD, compared to
the extrapolated QMC result in the thermodynamic limit (horizontal
line). (c) Full update result as a function of the Trotter imaginary time
step! (D = 4) compared to the variational result. (d) Evolution of the
energy as a function of simulation runtime on a MacBook Pro laptop
for D = 4 and" = 50. The results from the variational optimization
are shown at each sweep (squares), whereas the energy obtained with
the full update is computed after every 30 time steps with! = 0.02.

shows that even in the limit! # 0 the full update does not
yield the same accuracy as the variational approach. We believe
that this has mainly to do with the fact that at every step a
two-site operatoröUb (see SecII C) is applied only to asingle
bond in the middle of the system, which is then truncated in
an optimal way, resulting in updated tensorsA$, B$. These
tensors provide a locally optimal solution for that single bond;
however, it is not guaranteed that they also provide a globally
optimal solution when replacing the tensors everywhere in
the ansatz. A globally optimal solution could be found by
applying öUb to all bonds in the ansatz and then truncating
all bonds simultaneously. However, such a scheme would
be computationally much more expensive because it would
require us to contract the time-evolved iPEPS with an enlarged
bond dimension, and thus, it would not be very useful in
practice.

The variational optimization is not only more accurate but
typically also converges faster to the lowest-energy state. This
is illustrated in Fig.5(d), where we compare the performance
of the full update with the variational update on a MacBook
Pro laptop forD = 4," = 50. Starting from the simple update
result already after one step with the variational scheme (taking
1 min), one has a better result than with the full update in the
long-run-time limit.

As a side remark on the performance we note that it is
best to start with an initial state which is already close to
the ground state, particularly for the large-D simulations. For
example, we can take the solution from the simple update
(which is computationally very cheap) as an initial state for the
full- or variational-update scheme [49] or use the full-update
solution (e.g., obtained with a large! ) as a starting point for a
variational optimization. One can also use a converged solution
with bond dimensionD %1 as an initial state for a simulation
with bond dimensionD. In this case one can Þrst perform a
few full update steps (to increase the bond dimension from
D %1 to D) and then continue with the variational update.
Alternatively, the bond dimension can also be dynamically
increased by using a two-site update (see the Appendix).

Finally, it is interesting to compare our best result with
2D DMRG on cylinders from Ref. [4]. Our lowest varia-
tional energy per site forD = 6 (" = 250) is%0.669408J ,
which is very close to the exact Monte Carlo result,
%0.6694421(4)J [48], with a relative error of only 5& 10%5.
This precision is comparable to a 2D DMRG calculation on
a width-10 cylinder withm = 3000 states. However, due to
the exponential scaling of the required bond dimension with
the cylinder width in DMRG, already a width-12 cylinder
with the same number of states is an order of magnitude
worse than the iPEPS result. Furthermore, the iPEPS accuracy
is obtained for the inÞnite system (inÞnite cylinder width),
and we would actually expect an even higher accuracy with
iPEPS on a Þnite cylinder. It is also remarkable to compare
the number of variational parameters: AD = 6 iPEPS has
roughly 2.6 & 103 variational parameters per tensor (with two
different tensors in the entire ansatz), whereas anm = 3000
state has of the order of 1.8 & 107 parameters, i.e., a difference
of four orders of magnitude per tensor [50]. This illustrates
that (i)PEPS offers a much more efÞcient representation of
a 2D wave function than MPS, even for modest cylinder
widths.
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[24] for the hard-core boson model on the triangular lat-
tice and show the phase diagram in Figs. 1 and 2 for the
canonical and grand-canonical ensemble, respectively. The
main results are that for Þllings! < 1=3 and ! > 2=3 a
supersolid is unstable towards phase separation by exactly
the same domain-wall proliferation mechanism through
which the square lattice supersolid is unstable at all Þllings
! ! 1=2. In contrast, for intermediate densities1=3 < ! <
2=3 we Þnd that the degeneracy of the frustrated classical
model is indeed lifted and a stable supersolid phase
emerges. The phase diagram in Fig. 2 is similar to the
mean-Þeld phase diagram [22], albeit with a substantially
reduced supersolid region. The supersolid is stable even at
half Þlling, contradicting the GreenÕs function Monte Carlo
results of Ref. [25], which are however intrinsically af-
fected by a population size bias.

We will now discuss the phase diagrams in more detail,
starting with simple limits. Considering the single boson
(hole) problem, one can show that the lattice is empty for
" < " 0 ! " 6t and completely Þlled for" > " 1 ! 6#t $
V%. For large values oft=V, the bosons are superßuid, with
a Þnite value of the superßuid density! S, which we

measure through the winding number ßuctuationsW of
the world lines [26] as! S ! hW2i=#4# t%. Two solid phases
emerge upon loweringt=V with rational Þllings1=3 and
2=3, respectively. Both are characterized by a Þnite value
of the density structure factor per site,S#q%=N ! h! q! y

q i ,
where! q ! # 1=N%! i ni exp#iq &r i%at wave vectors' Q !
'# 4$ =3;0%, corresponding to the

!!!
3

p
(

!!!
3

p
ordering wave

vector. The maximum extent of the solid phases is reduced
by quantum ßuctuations from the mean-Þeld value of
#t=V%c ! 0:5 down to#t=V%c ! 0:195' 0:025.

Since the phase diagram is symmetric when interchang-
ing particles with holes#! ! 1 " ! %we restrict our dis-
cussion from now on to! ) 1=2 and plot the density! as a
function of chemical potential" for cuts at constantt=V in
Fig. 3. Fort=V ! 0:1 we clearly observe a plateaux corre-
sponding to the! ! 2=3 phase with broken translational
symmetry. The approach to this plateaux from! < 2=3 is
continuous, indicating a second-order phase transition,
while for ! > 2=3 we see a jump caused by a Þrst-order
phase transition. Measuring the density structure factor
S#q%and the superßuid density in Fig. 4 we identify this
as a Þrst-order phase transition between the solid and
superßuid phases.

The situation here is the same as in the square lattice
model, where doping the solid leads to phase separation at
a Þrst-order phase transition [16]: the uniform supersolid is
unstable towards domain-wall formation as illustrated in
Fig. 5. AddingL=3 bosons onto the solid at density! !
2=3 [Fig. 5(a)] corresponds to an inÞnitesimal density in
the thermodynamic limit. These bosons can gain a kinetic
energy of " 6t2=V per boson by second-order hopping
processes. Placing these additional bosons along a line,
as shown in Fig. 5(b), costs no additional potential energy,
and we can even shift half of the lattice by one lattice
spacing, introducing a domain wall as shown in Fig. 5(c),
again at no potential energy cost. But now, the additional
bosons gain kinetic energy of" t per boson by hopping
freely across the domain wall, which lowers the energy of
the domain-wall state compared to the bulk supersolid, and
hence the supersolid phase is unstable.
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FIG. 2 (color online). Zero-temperature phase diagram of
hard-core bosons on the triangular lattice in the grand-canonical
ensemble obtained from quantum Monte Carlo simulations.
Second-order phase transitions are denoted by solid lines,
whereas Þrst-order transitions are denoted by dashed lines.
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FIG. 3 (color online). Density of hard-core bosons on the
triangular lattice as a function of" along lines of constant
values oft=V. The inset displays the jump in the density as a
function of t for " =V ! 4 at t=V * 0:165.
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FIG. 1 (color online). Zero-temperature phase diagram of
hard-core bosons on the triangular lattice in the canonical
ensemble obtained from quantum Monte Carlo simulations.
The regions of phase separation are denoted by PS. The insets
exhibit the density distribution inside the solid phases for! !
1=3 (lower panel) and! ! 2=3 (upper panel).
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$ cd TeNeS 
$ mkdir build && cd build 
$ cmake -DCMAKE_CXX_COMPILER=`which icpc` \! 
        -DCMAKE_INSTALL_PREFIX=$HOME/opt/tenes \! 
        ../ 
$ make install
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[parameter] 
[parameter.simple_update] 
tau = 0.01       # SU " #$%& ' 
num_step = 1000  # SU "()*+ , 

[parameter.full_update] 
tau = 0.01       # FU " #$%& ' 
num_step = 0     # FU "()*+ , 

[parameter.ctm] 
dimension = 16   # -./ 01 2 

[lattice] 
type = "square lattice" # 3456 
L = 2          # 78*9:;" < = 
W = 2          # 78*9:;" > 
initial = "antiferro" # ?@AB 
virtual_dim = 4  # -./ 01 D 

[model] 
type = "spin"    # (C. DE 
J = 1.0          # FGHIJK
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$ $HOME/opt/tenes/bin/tenes_simple simple.toml  # convert to std.toml 
$ $HOME/opt/tenes/bin/tenes_std std.toml        # convert to input.toml 
$ $HOME/opt/tenes/bin/tenes input.toml          # perform calculation 
   ... LMNO PQRS ... 

Onesite observables per site: 
  Sz          = 5.70170299863e-12 8.24461048345e-19 
  Sx          = -1.93698629873e-08 -8.53148278222e-18 
  Sy          = 3.12611410373e-08 -4.29087879573e-18 
Twosite observables per site: 
  hamiltonian = -0.667463006716 2.74670113479e-17 
  SzSz        = -0.345269357812 -1.31655470664e-17 
  SxSx        = -0.161096823276 -4.72116684558e-18 
  SySy        = -0.161096825628 9.13209512715e-18 
    Save elapsed times to output/time.dat 
Wall times [sec.]: 
  all           = 28.396518775 
  simple update = 7.993189097 
  full update   = 0 
  environmnent  = 18.26470468 
  observable    = 2.068691087 

Done.
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[tensor] 
type = "square lattice"  # TU =VWP simple.toml " XYS 
L_sub = [2, 2]           # 2x2 unitcell 
skew = 0                 # y 4Z " [\ ] ^ _`ab" x 4Z "cV
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[[tensor.unitcell]] 
virtual_dim = [4, 4, 4, 4]  # -./ 01 Pd e f g " hS 
index = [0, 3]              # 78*9:; i "j").k;l] m n op 
physical_dim = 2            # qr -./" 01 
initial_state = [1.0, 0.0]  # ?@AB " s, 
noise = 0.01                # ?@ ).k;"tuv 

[[tensor.unitcell]] 
virtual_dim = [4, 4, 4, 4] 
index = [1, 2] 
physical_dim = 2 
initial_state = [0.0, 1.0] 
noise = 0.01 
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[[hamiltonian]] 
dim = [2, 2]    # JK nW-./ [ source, target] " w xyW AB, " z 
bonds = """     # JK nW-./" {|P1}1 -./S 
0 1 0           # 1~•: 78*9:; € " source " op 
1 1 0           # 2~•: source lu'` target " x •‚Pƒ„S 
2 1 0           # 3~•: source lu'` target " y •‚Pƒ„S 
3 1 0 
0 0 1 
1 0 1 
2 0 1 
3 0 1 
""" 

elements = """      # …†;98‡."P ˆ ‰Š‹S }~Œ• (1}1Œ•) 
0 0 0 0 0.25 0.0    # 1~•: JKŽ " source " AB 
1 0 1 0 -0.25 0.0   # 2~•: JKŽ " target " AB 
0 1 1 0 0.5 0.0     # 3~•: JK• " source " AB 
1 0 0 1 0.5 0.0     # 4~•: JK• " target " AB 
0 1 0 1 -0.25 0.0   # 5~•: Œ• " •‘ 
1 1 1 1 0.25 0.0    # 6~•: Œ• " #‘ 
"""
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[[hamiltonian]] 
dim = [2, 2]    # JK nW-./ [ source, target] " w xyW AB, " z 
bonds = """     # JK nW-./" {|P1}1 -./S 
0 1 0           # 1~•: 78*9:; € " source " op 
1 1 0           # 2~•: source lu'` target " x •‚Pƒ„S 
2 1 0           # 3~•: source lu'` target " y •‚Pƒ„S 
3 1 0 
0 0 1 
1 0 1 
2 0 1 
3 0 1 
"""
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elements = """      # …†;98‡."P ˆ ‰Š‹S }~Œ• (1}1Œ•) 
0 0 0 0 0.25 0.0    # 1~•: JKŽ " source " AB 
1 0 1 0 -0.25 0.0   # 2~•: JKŽ " target " AB 
0 1 1 0 0.5 0.0     # 3~•: JK• " source " AB 
1 0 0 1 0.5 0.0     # 4~•: JK• " target " AB 
0 1 0 1 -0.25 0.0   # 5~•: Œ• " •‘ 
1 1 1 1 0.25 0.0    # 6~•: Œ• " #‘ 
"""
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[observable] 
[[observable.onesite]] # 1’“9 ”•6 
name = "Sz"     # XŽ 
group = 0       # 1’“9 ”•6 " –—op 
sites = []      # 1’“9 ”•6 ˜ JK nW).k;" op ([] ™nš›] œ• nW) 
dim = 2         # 1’“9 ”•6 " 01 
elements = """  # 1’“9 ”•6}~ " ˆ ‰Š Œ•P1}1Œ•S 
0 0 0.5 0.0     # 1,2~•: JKŽ• " AB 
1 1 -0.5 0.0    # 3,4~•: Œ• " •‘ž#‘ 
""" 
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[[observable.twosite]] 
name = "SzSz"   # XŽ 
group = 1       # 2’“9 ”•6 " –—op (1 ’“9a™ Ÿ ) 
dim = [2, 2]    # 01 
bonds = """     # JK nW-./ (’“9 z) 
0 1 0           # -./…†;98‡.a ¡¢ " £¤ 
1 1 0 
2 1 0 
3 1 0 
0 0 1 
1 0 1 
2 0 1 
3 0 1 
""" 
ops = [0, 0]    # 1’“9 ”•6 " ¥¦ § £ ¨W ©|ª «" –—op 
                # ¬ ™ "Sz" ˜0 o "1’“9 ”•6 
                # elements a®› }~Œ• ] ¯ ° £ ±²a³ ´µ  
                # P-./…†;98‡.a ¡¢ " £¤S
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