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Examples of finite size systems from chemistry

-A H,O molecule: 57 & 5 electrons in 41 orbitals
— 5.6 x 10! dimensional (~239)
G. K.-L. Chan & M. Head-Gordon, J. Chem. Phys. 118, 8551 (2003).

-Manganese cluster in photosystem Il
44 electrons in 35 orbitals
— 2 x 1018 dimensional (~2°61)

Y. Kurashige, G. K.-L. Ghan, & T. Yanai, Nat. Chem. 5, 660

(2013).
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D. C. Tsui, et al, Phys. Rev. Lett. 48, 1559 (1982).
R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

F. D. M. Haldane, Phys. Rev. Lett. 55, 2095 (198b).
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M. Rigol, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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EFRFEEOHEREZEXNALEIE. EFZEEME-E. &< IC
MR FROBIENHE Z T OROHEDOEARNRZFIETY,
FARBRAR(ERILEAF) P HESINCEFAEVER(C
X§ 9 B AR R ES AL/ VY T —ITITPACK[1]IE. FDO XN
BIR20FEB Elchfc> TIRIEWI—Y —[CFIHEES N TE X Ui,
H®ETITPACK (1o 5 ST EES ILEBIEN AL/ Sy o —
ZHEUVTHEINX U, BEREFRZSOVRLVWEFIEFIRE
ICERBICERATE., SolcmtdlicxtinddY 7T 7T,
2015/2016/201 7TEEEXRYEIHY 7 b0 7HFE - SEALE[2]
ZRITHAEZED TWVWET,

[1] http://www.stat.phys.titech.ac.jp/~nishimori/titpack?2 new/index-e.nhtml
[2] http://www.issp.u-tokyo.ac.jp/supercom/rsayh2/softwea-dev



http://www.stat.phys.titech.ac.jp/~nishimori/titpack2_new/index-e.html

E=2YETFHIH S
I — 7/‘/ — AT D)

SR FIREY JL/IN—HO

REREERDODERZIBRZHIELT

IR S E T RIS D
F—REAMN/NIIILNZT Y

—%’éﬂﬁf;* [1,2]/BRRE[3]/FREKE[ ]@fF%IEi%EJr%
b, LEEh, IR F/XIRBGELANRT ML, -
@Y A FITR

- KRR H ET E XTI
FIERERE: IWHBEEFRIC L D IEmEHE

FA—T>2Y—RY T ko7 (latest release: ver.3.5.0)
License: GNU GPL version3
Project for advancement of software usability in materials science” by ISSP

[1] E. Dagotto, Rev. Mod. Phys. 66, 763 (1994).
[2] A. V. Knyazev, SIAM J. Sci. Cumput. 23, 517 (2001).
[3] S. Sugiura, A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012). 8
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HiEE  PEHRMAEE (AEEAS)
EEFTEZIR (BEECKE) “Project for advancement of software
BREENESRE (REBEKE)  usability in materials science” by ISSP

BWZ2..  T. Hoshi, M. Kawamura, K. Yoshimi, Y. Motoyama, T. Misawa, Y. Yamaji,
Ll S. Todo, N. Kawashima, and T. Sogabe,

“Kw—Open-source library for the shifted Krylov subspace method,” CPC 2021 9
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-H. Zhang, et al, Phys. Rev. RESEARCH 2, 013214 (2020). RS NI ST
-H. Araki, et al, Phys. Rev. RESEARCH 2, 012009(R) (2020). % —.i-fj( %
-J. Yoshitake, et al, Phys Rev. B 101, 100408(R) (2020) (;’ THEUI\fVE?(SlTYOFTOKYO
-P. Laure_:ll and S. Okamoto, npj Quantum Mat. b, 2 (2020).
‘R. Martinazzoa and E. Pollakc, PNAS 117, 16181 (2020). ZERBARY mmTmses

-Y. Nomura, arXiv:2009.14777.

-Y. Nomura and M. Imada, arXiv:2005.14142.

-T. Nakamura, Sci. Rep. 10, 14201 (2020).

-A. S. Patri, et al., Phys. Rev. RESEARCH 2, 023253 (2020).

-M. Charlebois and M. Imada, Phys. Rev. X 10, 041023 (2020). »
-N. Aiba and K. Nomura, Phys. Rev. B 102, 134435 (2020). @ KPR A jL‘N‘Ij(%
-S. H. Jang, et al., Phys. Rev. Mat. 4, 104420 (2020). OSAKA UNIVERSITY KYUSHU UNIVERSITY
-H. Kobayashi, et al., arXiv:2011.04303.

-G. Sala, et al, arXiv:2003.01754.

-T. Yamada, T. Suzuki, and S. Suga, arXiv:2004.09622.
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TITPACK by Y. Taguchi & H. Nishimori (1985-)
Heisenberg & XXZ model

KOBEPACK by M. Kaburagi, T. Nishino, & T. Tonegawa (1992-)
-5=1 Heisenberg

SPINPACK by J. Schulenburg (1995-)
-MPI & PTHREAD

-XXZ, Hubbard, & #J/model
-Symmetries

ALPS IETL library by P. Dayal, M. Troyer, & R. Villiger

FlICEFkat TFEDIEERNRIRE
(Helsenberg, Hubbard)[= (F
cf.) Quspin, Quanty (AfE¥E 1F)




How Useful in Condensed Matter Physics

Exact diagonalization/full Cl

-Lanczos/Arnoldi or CG-type algorithm
-Applicable to finite-size clusters

N (< 30) orbital systems

N (< 50) spin systems

DMRG in chemistry

-A H>,O molecule: 57 & 5] electrons in 41 orbitals
— 5.6 x 10! dimensional
G. K.-L. Chan & M. Head-Gordon, J. Chem. Phys. 118, 8551 (2003). .

-Manganese cluster in photosystem |l
44 electrons in 35 orbitals
— 2 x 108 dimensional

Y. Kurashige, G. K.-L. Ghan, & T. Yanai, Nat. Chem. 5, 660
(2013).




How Useful in Condensed Matter Physics

Exact diagonalization/full Cl

-Lanczos/Arnoldi or CG-type algorithm
-Applicable to finite-size clusters

N (< 30) orbital systems

N (< 50) spin systems

Application to crystalline lattice (with periodic boundary)
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-Emergent phenomena
beyond perturbation theory
-Finite-temperature thermodynamic

==

.. »
qguantities and spectra \ g
% 2N
cf.) Nearsightedness o / |
W. Kohn, Phys. Rev. Lett. 76, 3168 (1996). 2 »J?’TW 2 ’17"//%’1

lower temperature, larger size G4



Basis of Hamiltonians in H®:
Spin-1/2 Fermions

Hamiltonian in 2nd quantization form
ﬁ = ]:—IK + ﬁ[

5 ‘ 5 ' 401024 AT
Elﬁg 610'1 EQO'Q

1 52 01,02

2 E : E : 01020304 Al A AT P
HI — I€1€2€3£4 6610'10620-2 630'3 640-4

El 762 7£37€4 01,02,03,04

Numerically exact eigenvalues and eigenvectors

H|¢) = E|¢)
‘¢>: Z 010701171"'11\7—171\7—1 H(CZJT)I'(623¢>T ’O>

{1,,I;}  Cl coefficients j=0

Pauli principle: I;,1, € {0,1}



Variety of Hamiltonian

Periodic (Standard or Expert)
-Hubbard model
-5=1/2 Heisenberg model with anisotropy

-Kondo lattice model
-S=1, 3/2, 2, --- Heisenberg model

(Standard or Expert)
-Ab initio hamiltonian

Apriodic (Expert)
-Molecules/qubits



Example of Hamiltonian:
1D Hubbard model

A

L—1
H=—t) > [égaémod(iﬂl)o T éjnod(m,ma%}

i=0 o=1,)
L—1
U AT A AT &
" ZCZTC“%% model = "Hubbard"
Z:O n n
method = "CG
lattice = "chain”
L = 8
Standard input t =1.0
U = 8.0
nelec = 8
2S5z = 0

exct =1



An Example of Complicated Ham
Ab Initio Spin Hamiltonia
Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014).

An example: Frustrated magnet Na,lrO;




An Example of Complicated Hamiltonia-

Ab Initio Spin Hamiltonian

Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014).
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—239 —-31 -84 |

-3.1 32 1.8 | (meV)
-84 18 20 |

32 —31 18]
-3.1 —-23.9 -84 | (meV)
1.8 -84 2.0

4.4 —0.4 1.1 ]
—0.4 4.4 1.1 | (meV)
1.1 11 -30.7
[ 0.8 1.0 -—-1.4

1.0 —0.8 —1.4 | (meV)
| -14 —-14 —1.2
[ 1.7 0.0 0.0

0.0 1.7 0.0 | (meV)
| 0.0 00 1.7
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Overview of Software H®

-Language: C

-Compiler: C & Fortran compiler

-Library: BLAS, LAPACK, Kw (distributed with H®)
(optional: MPI, Scalapack, MAGMA)

-Parallelization: OpenMP & MPI

For installation, cmake is useful



Standard input

W 4

L 4

model = "Hubbard”
method = "TPQ”

e - sane F[OW O Simulation

t' = 0.5
U:
nele
2S5z

I 0 oo

0
= 16
0

\

Standard interface Making inpu‘t files
\ from scratch
Expert input <

Def. files for Hamiltonian

Def. files for controlling simulation

¥

Expert interface

v

Subroutines:

-Lanczos

-CG

= Standarq output
-TimeEvolution Output files

-Full diag.

(LAPACK, Scalapack, MAGMA) 20



H® Automatically Performs
Parallelized Simulation

- Hybrid parallelization

-HEHXEYAF](OpenMP) Z L v R

538X E U 35 (MPI)

70O€EX

it 51 5+ B
a 2
J—R J—R
s Y4 N

) ()
=) (o)

core5 | coreb

/

\ core5 | coreb /

corel  core2

core3 | core4

|
T3

7
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|

1

/




HC

D Automatically Pertorms
Parallelized Simulation

- Hybrid parallelization

-HBEXE S

75 (OpenMP)

DEIAE YD

751 (MPI)

Decomposition of wave function
by 2 processes

0}

rank 0

1)
)
)
)
)
)
)

~J O Ot x5 W DN

rank 1

\ Z Z \ \ 2 i
/4 0\ A\ I4 0\ A\
\ \ \ N Z Z Z Z
4 14 14 |\ A\ A\ A\

* Hubbard/Kondo Lattice

/HubabrdGC
. o470t
AL w R * Spin/SpinGC
70t X —@S1H)" 7Ot X
M 5l 5 A
4 N
J—R J—R
a N )
[ PO ] [ P1 ] [ P2 ] [ P3 ]
core3 | cored core3 | cored
\\¥ core5 | coreb 4// \\\7 core5 | coreb 4//
I I
p PO | }sz] }
- /




Speedup

— | I I I I I
— Number of threads

N
(-
o

N W W

S 1 O U

O DO DO
|
00 AN —

Steps per hour
e\

O N

()

I

ACX XXX -
NCFT

0 . 1 [ {1 | | |
0O 4 8 12 16 20 24 28 32

Total number of cores [10°]

Lanczos method: Up to 6.87x10'9 dimension

@K computer & ISSP supercomputer
From 4096 32768 cores: Parallelization efficiency 80%
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1. Zero temperature

2. Finite temperatures

3. Real-time evolution

4. Dynamical properties (linear response)

https://issp-center-dev.github.io/HPhi/manual/develop/tutorial/en/html/index.html



Algorithm Implemented in H®

1. Zero Temperature:
Lanczos & LOBCG



Krylov Subspace Method
for Sparse and Huge Matrices

Alexey Krylov
Aleksey Nikolaevich Krylov

1863-1945
Russian naval engineer and applied mathematician

Krylov subspace A e ChxE

K, (A,b) = span{b, Ab, ..., A" b}
Numerical cost to construct K,; O(nnz(A) x n)
Numerical cost to orthogonalize K, O(L x n?)

Cornelius Lanczos 1950 *nnz: Number of non-zero
Walter Edwin Arnoldi 1951 entries/elements




-ample of Sparse Matrix: TFIM

L— L—1
H = JZSZSf+1 Ly 57
1= 1=0

-Non-commutative
" — L—1
ZSZSfH,ZSf #0
= =0

—Quantum fluctuations
or Zero point motion

-Sparse
# of elements « O(25)

-Solvable
-Hierarchical matrix?

0

512

1024

1536

2048

2560

3072

3584

4096

0 512 1024 1536 2048 2560 3072 3584 4096




Krylov Subspace Method

from SIAM News, Volume 33, Number 4

The Best of the 20th Century: Editors Name Top 10 Algorithms

By Barry A. Cipra

1950: Magnus Hestenes, Eduard Stiefel, and Cornelius LLanczos, all from the Institute for Numerical Analysis
at the National Bureau of Standards, initiate the development of Krylov subspace iteration methods.
These algorithms address the seemingly simple task of solving equations of the form Ax = b. The catch,
of course, is that A is a huge n x n matrix, so that the algebraic answer x = b/A is not so easy to compute.
(Indeed, matrix “division” is not a particularly useful concept.) Iterative methods — such as solving equations of
theformKyx, , ; = Kx; + b — Ax,with asimpler matrix K that’s ideally “close” to A—lead to the study of Krylov subspaces. Named
for the Russian mathematician Nikolai Krylov, Krylov subspaces are spanned by powers of a matrix applied to an initial
“remainder” vectorr, = b — Ax,.Lanczos found a nifty way to generate an orthogonal basis for such a subspace when the matrix
is symmetric. Hestenes and Stiefel proposed an even niftier method, known as the conjugate gradient method, for systems that are
both symmetric and positive definite. Over the last 50 years, numerous researchers have improved and extended these algorithms.
The current suite includes techniques for non-symmetric systems, with acronyms like GMRES and Bi-CGSTAB. (GMRES and
Bi-CGSTAB premiered in SIAM Journal on Scientific and Statistical Computing, in 1986 and 1992,

respectively.)

28



L anczos Method

Initial : 1 =0, |vg) =0
for y =1,2,...,m do
wy) = Hlvj) = Bjlvj1)

a; = (wj|vj)

wj) < |wy) — ajlvy)

Bit1 = \/<wj|wj>

vit1) = |wj)/Bit1

29



L anczos Method .

oj = (v;|Hlvj)
B; = (vj_1|H|vs) = (vj|H|v;_1)

Orthogonalization

i
Hlvj 1) = > |ve) {ve| H|vj 1)

v;) =

30



L anczos Method -

aj = (v;|H|vj)
(vjlvk) = 05k A
B; = (vj—1|H|vj) = (vj|Hvj_1)

Hamiltonian projected onto m D Krylov subsace

o) 15 0
{ 521 ozz B3 \
H, = 53 a3
: : Bm—l
Brm— m— Bm
\ 0 e am )

Eigenvalues of projected Hamiltonian
— Approximate eigenvalues of original Hamiltonian

31



Lanczos Method: # of Vectors Requirec.

Initial : 81 =0, |vg) =0
for 7 =1,2,...,m do
lw;) + Hl|v;) — Bilvi_1) vi—1) = |w;), |v;)
a; = (w;|vj) wj), |v;)
wy) < |wj) — ajlvg) )
Bjt1 = \/<’wj\’wj> W) V)
)

1) = |w;)/Bj41

32



| anczosy:
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Locally optimal block CG (LOBCQG):

A. V. Knyazeyv,
SIAM journal on scientic computing 23, 517 (2001).



LOB(P)CG

A. V. Knyazev, SIAM journal on scientic computing 23, 517 (2001).
Algorithm of LOBCG: m lowest eigenstates

m orthogonal initial vectors :céi)

(z) =0(i=1,...,m)

for (k= 03k < kmax; k++)
i _ (@) Az)))

M — p
<w,i%w,i>>
(i), .(3)

Initial condition:

<—approximation of /th smallest eigenvalue

Sy = {w . ,w(m) :B,i ), . w,gm),pli ), /) (m)}TA{w(l), .. wl(qm) .’13,({7 ), e ,wlim),pg), e ,pl(cm)}
B N O R e ) w,gw,.. 2 G0y
Obtain ith smallest eigenstate of Sqv® = pDSpv®», v = (agi), e 5(2) . 6(”,71 e ,’yffl))
(t=1,...,m)

< m smallest eigenstates are chosen from 3m states

z =Y (&;w G0 4 g0 4 <z>pg>>

j=1
) 2 3™ (oD@ 400
i ;@] "8l) e e KB L, SRR, IHSE,

Until convergence HASTEILFZSmNXE2006, 20060027 (2006).



Algorithm Implemented in H®

2. Finite Temperatures
TPQ



Finite-Temperature Physical Quantity:
Heat Capacity

Spread of energy distribution
<]:]2> B <ﬁ>2 32 site cluster of S=1/2 spin

kpT™?

-Average with Boltzmann distribution

Y e Pn/ET (n|Oln)

OAenS __n
< B > Ze—En/kBT NH:232

n

C:

Complexity O(NI;) ’I—\l%rzl]l’gérygrlw n) ~69GB
Memory O(NH)

36



Typical Pure State Approach

Imada-Takahashi (1986)

Lloyd (1988)
O(N H) Jacklic-Prelovsek (1994)
Memory Hams-De Raedt (2000)
Sugiura-Shimizu (2012, 2013)
M. Imada & M. Takahashi, J. Phys. Soc. Jpn. 55, 3354 (1980).

Complexity

B=0 (T — +oo) Typical state: Random vector

Po) = Zcx ) (Z ‘Cx‘Q =1) N ullah, Nucl Phys. 58, 65 (1964).

-Uniform distribution on

A x . x
(0)5Z29 = E[(¢0] O |0)] unit sphere in R?Ve
At finite temperature lex™] = T'(Ng +n)
|¢B> = e PH/? bo) Average over the distribution

How large is the standard deviation? _

2 _ <¢5‘OA’¢3> __/A\ens 2
7o =k ( (D3103) <O>B>




Typical Pure State Approach

Seth Lloyd, Ph.D. Thesis, Rockefeller University (1988); arXiv:1307.0378.
A. Hams & H. De Raedt, Phys. Rev. E 62, 4365 (2000).

A. Sugita, RIMS Kokyuroku (Kyoto) 1507, 147 (2000).
P. Reimann, Phys. Rev. Lett. 99, 160404 (2007).
S. Sugiura & A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012).

S. Sugiura & A. Shimizu, Phys. Rev. Lett. 111, 010401 (2013).
(AO)*)55 + ((0)55 — (0)5™)°
exp|26{F(25) — F(B)}]

x exp[—S(6%)/2] (8 < B < 26)

O'?)S

Exponetially small when system size increases



Construction of Typical Pure State:

Microcanonical TPQ

Thermal Pure Quantum (TPQ) States |§Z55> — |(I)k>
Sugiura & Shimizu, Phys. Rev. Lett. 108, 240401 (2012)

Initial state (at 7= +»): |®y) = (Random vector)

do k=1 Nstep If possible, taking random average
04) = (¢~ B/N) [oy2) [\ @] (¢ = H/NJ? 1)
B =2(k/N)/(t—u) (8=1/ksT)
O(8) = (B O|®x) + O(1/N)

enddo

Hamiltonian-wave function product is essential

39



Construction of Typical Pure State:
Canonical TPQ

Seth Lloyd, Ph.D. Thesis, Rockefeller University (1988); arXiv:1307.0378.

A. Hams & H. De Raedt, Phys. Rev. E 62, 4365 (2000).
S. Sugiura & A. Shimizu, Phys. Rev. Lett. 111, 010401 (2013).

5]€ = kAT
B, = e /2 o)

(o)

2

Br —

nmax

2 i

| n=0

1
n!

- A k
6—A7‘H/2] ’¢O>

( ArH /2)

k

[o%y

See Tutorial Sec. 2,
especially 2.1.4



Algorithm Implemented in H®
3. Real Time Evolution
4. Dynamical Properties



3. Real-Time Evolution

Real time evolution by Taylor expansion

M
—1 1 . [
e~ M {In)AL o E E(—Z’H(tn)At)
[=0

Y(tny1)) = e~ )2 W(tn))

Time dependent Hamiltonian
-Standard: Interaction qguench or laser (pulse, AC, DC)
-Expert: Time dependent 1-body and 2-body terms

— Tutoraial Sec. 3



Example of Excitation Spectra:
Effective Hamiltonian of a-RuCl;, A~T -J5 Model

I:I: Z Z gnggm SZ:(S%)SEK,S;)
r=X,Y,Z,3 (£,m)er [ —cosd 0 0
0 0 sing
_ =z
I 0 sin @ 0 D
0 0 sing | a
0 —cosgp O P 2
sin ¢ 0 0 Q
- . S o
0 sing 0 ®
sing 0 0
0 0 —Cos ¢ |
Js; 0 0
0 Jz O 3rd neighbor
0 0 J3 |

J3[SF ST + SYSY 4+ 8787 23



Excitation Spectra: A-1 -J5 Model

¢/m = 0.2

model = "SpinGC”

method = "TPQ"

lattice = "Honeycomb”

alw = 2

a0l = 2

alw = 4

all = -2

JOx = -0.80901699437 [ —cosd 0 0
JOyz = 0.58778525229 Ty = 0 0 sind
JO0zy = 0.58778525229 0 sing 0
Jlzx = 0.58778525229 - . .
Jly = -0.80901699437 0 0 sin ¢
Jlxz = 0.58778525229 Jy = 0 —cosg O
J2xy = 0.58778525229 | sin¢ 0 0
J2yx = 0.58778525229 T 0 sing 0

J2z = -0.80901699437 — | sing 0 0

Jrr = 0.05 0 0 — COS @
h = 0.07071067811 _ . .
Gamma = -0.07071067811 B« (1,0,-1)

25=1 44



Excitation Spectra: A~ -J5 Model

12
10}
3 8] M
S 6 " :
VN L\ | v v
— N TV Y
2 K
0 X
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1. Zero temperature

2. Finite temperatures

3. Real-time evolution

4. Dynamical properties (linear response)

https://issp-center-dev.github.io/HPhi/manual/develop/tutorial/en/html/index.html
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24 site cluster of Kitaev-I model (frustrated S=1/2 spins)
Dimension of Fock space: 224=16777216
6 T T T T T T

~

)

~

S aas S = )
<
O 6000952 SoosBaEats SESSSsssss
©) L by 95 = SO
R*RMRH%L‘ (YIS
4 + O ©) xépxxx%ﬁx e —
5 & S
~ ©) O ) ~ = 209 500 092009800

Sparse intermediate eigenvalues: Not correct
Smallest and largest eigenvalues: Well converged
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How Lanczos Method Works
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How Lanczos Method Works
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How Lanczos Method Works
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