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[1] http://www.stat.phys.titech.ac.jp/~nishimori/titpackZ2 new/index-e.html
[2] http://www.issp.u-tokyo.ac.jp/supercom/rsayh2/softwea-dev
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Numerical diagonalization package for lattice hamiltonian
-For wide range of quantum lattice hamiltonians

Ab initio effective hamiltonians
-Lanczos method [1] and LOB(P)CG [2]:

Ground state and low-lying excited states

Excitation spectra of ground state
-Thermal pure quantum (TPQ) state [2]: Finite temperatures
-Real-time evolution
-Parallelization with MPI and OpenMP (—=51{b HEEEDFET)

[1] E. Dagotto, Rev. Mod. Phys. 66, 763 (1994) .
[2] A. V. Knyazev, SIAM J. Sci. Cumput. 23, 517 (2001).
[3] S. Sugiura, A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012).

Open source program package (latest release: ver.3.3.1)

License: GNU GPL version3
Project for advancement of software usability in materials science” by ISSP
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C. Tsui, et al, Phys. Rev. Lett. 48, 1559 (1982).
B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
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F. D. M. Haldane, Phys. Rev. Lett. 55, 2095 (198b).
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M. Rigol, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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TITPACK by Y. Taguchi & H. Nishimori (1985-)
Heisenberg & XXZ model

KOBEPACK by M. Kaburagi, T. Nishino, & T. Tonegawa (1992-)
-S=1 Heisenberg

SPINPACK by J. Schulenburg (1995-)
-MPI & PTHREAD

-XXZ, Hubbard, & #J model
-Symmetries

Al PS I[ETL library by P. Dayal, M. Troyer, & R. Villiger
FICEF BT NFOERERRET

(Heisenberg, Hubbard) = (7
cf.) Quspin, Quanty (@ 1F)



How Useful in Condensed Matter Physics

Exact diagonalization/full ClI

-Lanczos/Arnoldi or CG-type algorithm
-Applicable to finite-size clusters

N (< 30) orbital systems
N (< b0) spin systems

DMRG in chemistry

-A H,O molecule: 5T & 5| electrons in 41 orbitals
— 5.6 x 10'! dimensional
G. K.-L. Chan & M. Head-Gordon, J. Chem. Phys. 118, 8551 (2003). .

-Manganese cluster in photosystem I
44 electrons in 35 orbitals
— 2 x 108 dimensional

Y. Kurashige, G. K.-L. Ghan, & T. Yanai, Nat. Chem. 5, 660 (201 3).




How Useful iIn Condensed Matter Physics

Exact diagonalization/full ClI

-Lanczos/Arnoldi or CG-type algorithm
-Applicable to finite-size clusters

N (< 30) orbital systems

N (< b0) spin systems

Application to crystalline lattice (with periodic boundary)

-Emergent phenomena =
beyond perturbation theory
-Finite-temperature thermodynamic

A A
quantities and spectra %

cf.) Nearsightedness

"?
W. Kohn, Phys. Rev. Lett. 76, 3168 (1996). 2 W | ’U’%
T 0

‘ N\
"
—

lower temperature, larger size 4



Basis of Hamiltonians in H®:
Spin-1/2 Fermions

Hamiltonian in 2nd quantization form
ﬁ = I:[K + ﬁ]

5 ‘ S ‘ 0102AT
6162 £10'1 620'2

61 52 01,02

T 01020304 AT A A]L B
Hy = Z Z 151525354 Cr101C0502C0505C404
£17€27€37€4 01,02,03,04

Numerically exact eigenvalues and eigenvectors

H|¢) = B|¢)
N —
‘¢> - Z 010701171”‘IN—17N—1 H CE T ' C€3¢ ' |O>

{I;,1,} Cl coefficients =0

Pauli prmcuole: I;,I; € {0,1}



Variety of Hamiltonian

Periodic (Standard or Expert)

-Hubbard model

-5=1/2 Heisenberg model with anisotropy
-Kondo lattice model

-5=1, 3/2, 2, --- Heisenberg model

(Standard or Expert)
-Ab initio hamiltonian

Apriodic (Expert)
-Molecules/qubits



Example of Hamiltonian:
1D Hubbard model

L—-1

A~ o ) \ A’i‘ N "T ~
H=—1 >J >J {Cigcmod(i—l—l,L)U + Cmod(i—l—l,L)JC?:U}
1=0 o=T,]

model = "Hubbard"
method = "CG"
lattice = "chain”
L 8

Standard input t = 1.

L—1
+U Y eléine] ey
1=0

00
O || © O



An Example of Complicate_
Ab Initio Spin Hami

Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014).

An example: Frustrated magnet Na,lrO4
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An Example of Complicated Hamiltonian:
Ab Initio Spin Hamiltonian

Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014).

i= Y Y §ad,

T'=X,Y,Z,Zona,3 (£,m)€ET

SE:(SZ:,Sg,SZ)

Jx =

I'y
2 L'z < Jz =
I'x
A /
A\
/
3 //V\
F%nd FSrd

cf.) RESPACK

—-239 31 -84
-3.1 32 1.8 | (meV)
—8.4 1.8 2.0

32 —31 18
~3.1 -239 -84 | (meV)
1.8 -84 20

44 —04 1.1
04 44 11 | (meV)
1.1 11 —30.7 |

[ 08 10 -—-14
1.0 —0.8 —14
| —14 -14 -12

T 1.7 0.0 0.0
0.0 1.7 0.0
0.0 00 1.7

(meV)

(meV)
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Overview of Software H®

-Language: C

-Compiler: C & Fortran compiler

-Library: BLAS, LAPACK, Kw (distributed with HD)
(optional: MPI, Scalapack, MAGMA)

-Parallelization: OpenMP & MPI

For installation, cmake is required



Standard input

W 4

L 4

model = "Hubbard”
method = "TPQ”

e e Flow of Simulation

Standard interface Maklng inpu‘t files
\ from scratch
Expert input <

Def. files for Hamiltonian

Def. files for controlling simulation

¥

Expert interface

v

Subroutines:

-Lanczos

-CG

s Standard output
-TimeEvolution OUtpUt files

-Full diag.

(LAPACK, Scalapack, MAGMA) 15



H® Automatically Performs
Parallelized Simulation

- Hybrid parallelization

-HBE X EY W (OpenMP) Z L v R
- EL X E Y ALFI (MPI) 0t X

M5 E

/—R /—K
4 N[ )

[ TO ] [ T1 ] corel core2

[ T2 ] [ T3 ] ™ core3 | cored

core5  coreb j K core5 | coreb j
1 |
T3

L

mE




Hd

- Hybrid paral

S X E YA
S EXE Y F

D Automatically Performs
Parallelized Simulation

by 2 processes

0}

* Hubbard/Kondo Lattice

elization / HubabrdGC
. o470k 2R
(OpenMP) ALy bk * Spin/SpinGC
(MPI) Ot X S8+ 7Ot X
Decomposition of wave function S 5l S A
1 /—R /=K
4 N

1

)
)
)
)
)
)
)

~J O O i N

\ \ \ N 2 Z i
/4 /4 /4 1N A\ N\ A\
~— S~ S~ S~ N~~~ s~

rank 0O

rank 1

[Po][Pl]

core3 cored

() (]

core3 | cored

\

K core5  coreb j K core5 | coreb j
i |
[ro ] [ r2 ]
P1 P3
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Speedup
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Lanczos method: Up to 6.87x10'° dimension

@K computer & ISSP supercomputer
From 4096 32768 cores: Parallelization efficiency 80%



Algorithm Implemented in H®:
Lanczos & LOBCG



Krylov Subspace Method
for Sparse and Huge Matrices

Alexey Krylov
Aleksey Nikolaevich Krylov

1863-1945
Russian naval engineer and applied mathematician

Krylov subspace A e ChrE

K, (A,b) =span{b, Ab, ..., A" b}
Numerical cost to construct K.;: O(nnz(A) x n)
Numerical cost to orthogonalize K.;: O(L x n?)

Cornelius Lanczos 1950 *nnz: Number of non-zero
Walter Edwin Arnoldi 1951 entries/elements



An Example of

L—1 L—1
H=JY 878/, -I')
1=0 1=0

-Non-commutative
L —1 L—1 i

Nz Iz N
D Si8ha, ) 8P| #0
| 2=0 1=0 |

—Quantum fluctuations
or Zero point motion

-Sparse
# of elements « O(21)

-Solvable
-Hierarchical matrix?

Sparse Matrix: TFIM

A

512

1024

1536

2048

2560

3072

3584 |

4096




Krylov Subspace Method

from SIAM News, Volume 33, Number 4

The Best of the 20th Century: Editors Name Top 10 Algorithms

By Barry A. Cipra

1950: Magnus Hestenes, Eduard Stiefel, and Cornelius Lanczos, all from the Institute for Numerical Analysis
at the National Bureau of Standards, initiate the development of Krylov subspace iteration methods.
These algorithms address the seemingly simple task of solving equations of the form Ax = b. The catch,
of course, is that A is a huge n x n matrix, so that the algebraic answer x = b/A is not so easy to compute.
(Indeed, matrix “division” is not a particularly useful concept.) Iterative methods —such as solving equations of
theformKXx; , , = Kx; + b — Ax;with asimpler matrix K that’s ideally “close” to A—lead to the study of Krylov subspaces. Named
for the Russian mathematician Nikolai Krylov, Krylov subspaces are spanned by powers of a matrix applied to an initial
“remainder” vectorr, = b — Ax,.Lanczos found a nifty way to generate an orthogonal basis for such a subspace when the matrix
is symmetric. Hestenes and Stiefel proposed an even niftier method, known as the conjugate gradient method, for systems that are
both symmetric and positive definite. Over the last 50 years, numerous researchers have improved and extended these algorithms.
The current suite includes techniques for non-symmetric systems, with acronyms like GMRES and Bi-CGSTAB. (GMRES and
Bi-CGSTAB premiered in SIAM Journal on Scientific and Statistical Computing, in 1986 and 1992,
respectively.)




Lanczos I\/Ietho_

Initial : 1 =0, |vg) =0

for y =1,2,...,m do
wj) = Hlv;) — Bjlvj_1)
a; = (wj|vj)
wj) < |wj) — ajlvj)
Bjq1 = \/<wj’wj>

V1) = |wj)/ B

23



L anczos Method
aj = (v;|Hlvj)
B; = (vj_1|H|vj) = (v;|H|vj_1)

Orthogonalization

i
Hvj_1) = |ve){ve|H|vj_1)

v;) = —
(vj|H|vj—1)

A 0 (U<j—3)
(ve|H|vj—1) = { Bi-1 (U=j—2)
51 (f:]—l)



Lanczos Method _

aj = (vj|H]|vj)
(vjlvk) = 05k A
Bj = (vj—1|H|vj) = (vj|Hv;_1)

Hamiltonian projected onto m D Krylov subsace

( o7 B2 0
B2 a2 B3
H, = B3 a3
) : 5m—1
5m—1 Ay —1 Bm
\ 0 Bm 8770

Eigenvalues of projected Hamiltonian
— Approximate eigenvalues of original Hamiltonian

25



Lanczos Method: # of Vectors Required

Initial : 8; =0, |vg) =0
forj:]_72,...,m dO
(w;) < Hl|vj) — Bjlvj—1) vi—1) = |wy), |vj)
oy = (wj|vj) wj), |vj)
w;) < |wj) — ajlvy) )
Bj+1 = \/<wj\wj> i) [v5)
)

1) = |ws)/ B
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Locally optimal block CG (LOBCQG):

A. V. Knyazev,
SIAM journal on scientic computing 23, 517 (2001).



LOB(P)CG

Algorithm of LOBCG: m lowest eigenstates

m orthogonal initial vectors m(()i)

p=0(i=1,...m)
for (k= 0;k < kmax; k++)
i _ (@) A
k @ ()

Initial condition:;

<approximation of /th smallest eigenvalue

(x5 xy,”)
ufy) = 420 — D)
SA:{wlil),.. w,gm) x,i),.. :n,(fm),p,(ﬂl),...,pk }TA{w,~C e w,im) :13]2),...,a:,gm),p,(f),...,p,(ﬂm)}

1 m 1 m 1 1 m 1 m
SB:{'w,(C),.. w,(f ) a:,(c),.. :BE{: ),p,g),...,pk >}T{w() ...,wé ) ZB,E:),...,QBIE ),p,({:),...,pk )}
Obtain ith smallest eigenstate of S0 = p)Spv® v = (agz), e oz(z) 6 ﬁm ,fyl - ,77(;))
(t=1,...,m)
<m smallest eigenstates are chosen from 3m states

ol =3 (aPwf + 802 +40p)

7j=1
= 5 (o) 480

j=1

Until convergence



Algorithm Implemented in H®:
TPQ

(Finite-Temperature Simulation)



Finite-Temperature Physical Quantity:
Heat Capacity

Spread of energy distribution
<]:]2> B <]:]>2 32 site cluster of S=1/2 spin

kpT?

-Average with Boltzmann distribution

> e BB (n)|Oln)

Nensy M
(O5") = Ze—En/kBT Ny = 232
n
C I . 3 . .
omelexty OWig) - Hamitonien | |n) ~gace
Memory O(Nf)

O —

30



Typical Pure State Approach

Imada-Takahashi (1986)

O(N ) Lloyd (1988)

H Jacklic-Prelovsek (1994)
Memory Hams-De Raedt (2000)
Sugiura-Shimizu (2012, 201 3)

M. Imada & M. Takahashi, J. Phys. Soc. Jpn. b5, 3354 (19806).
B =0 (T — +o00) Typical state: Random vector

2
|Po) = Zcx ) (Z ca|” =1) Ullah, Nucl. Phys. 58, 65 (1964).

R x . T -Uniform distribution on
(O) =0 = E[{¢0| O |¢0)] unit sphere in R "
At finite temperature lez™] = T'(Ny + n)

Pg) = e PH/2 $0) Average over the distribution

How large is the standard deviation? _

O'?) . ry <<¢5 é |¢5> . <OA>/%HS>

Complexity

(Psl0s)




Typical Pure State Approach

Seth Lloyd, Ph.D. Thesis, Rockefeller University (1988); arXiv:1307.0378.
A. Hams & H. De Raedt, Phys. Rev. E 62, 4365 (2000).

A. Sugita, RIMS Kokyuroku (Kyoto) 1507, 147 (20006).
P. Reimann, Phys. Rev. Lett. 99, 160404 (2007).
S. Sugiura & A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012).

S. Sugiura & A. Shimizu, Phys. Rev. Lett. 111, 010401 (2013).
(A0 + (O} — (0)5™)°
exp[20{F'(28) — F(P)}]

x exp[—S(6%)/2] (8 < 5 < 26)

O'?)S

Exponetially small when system size increases

32



Construction of Typical Pure State

Thermal Pure Quantum (TPQ) States |¢5> = ’(I)k>
Sugiura & Shimizu, Phys. Rev. Lett. 108, 240401 (2012)

Initial state (at 7=+ ): |®y) = (Random vector)
do k=1 ’Nstep If possible, taking random average

i) = (¢~ H/N) [@51) /(@i (£ H/N)? [0 _)
B =2(k/N)/(¢ ) (8 =1/ksT)

O(B) = (@] O |@) + O(1/N)
enddo

Hamiltonian-wave function product is essential

33



Example of Excitation Spectra:
Effective Hamiltonian of a-RuCl;, K-T -J; Model

=% % STaS. S =(55.50,97)
I'=X.,Y,Z,3 ({(,m)yel’ '_COS¢ 0 0
0 0 sing
: Z
0 sing 0 @
-0 0  sing ] ®
0 — COS @ 0 s
sin ¢ 0 0 Q
- . 5 o
0 sing 0 Q
sin ¢ 0 0
0 0 —Cos ¢ |
Jz 0 0 |
0 Jsg O 3rd neighbor
0 0 J3 |

Js[S7 Sy, + SYSh + SESR]



Excitation Spectra: K- -J; Model

¢/m=0.2

model = "SpinGC”

method = "TPQ"

lattice = "Honeycomb”

alw = 2

a0l = 2

alw = 4

all = =2

Jox = -0.80901699437 [ —cos¢p 0 0 ]
JOyz = 0.58778525229 Ty = 0 0 sing
JOzy = 0.58778525229 0 sing 0
Jlzx = 0.58778525229 . s
Jly = -0.80901699437 0 0 sin ¢
Jlxz = 0.58778525229 Jy=1 0 —cosgp 0
J2xy = 0.58778525229 | sing 0 0
J2yx = 0.58778525229 T 0 sing 0
J2z = -0.80901699437 — | sing 0 0

Jrr = 0.05 0 0 —Ccos @
h = 0.07071067811 . - -
Gamma = -0.07071067811 B o (1,0,—1)

2S5=1 35



Excitation Spectra: K-T -J; Model

12
10¢
3 8L M,
S 6l !
=~ O " &
g PR~ L\ eve v
5 A r
O AN /\/‘/\_—M/\M 1 1 §
0 0.5 1 1.5 2 2.5 3



Time Evolution

Real time evolution by Taylor expansion

M
—1 1 . [
e~ M (In)AL E ﬁ(—z”H(tn)At)
=0

[ (tnr1)) = e TR [ (t,,))

Time dependent Hamiltonian
-Standard: Interaction quench or laser (pulse, AC, DC)
-Expert: Time dependent 1-body and 2-body terms

— Tutoraial & Exercise



