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物質科学における多彩な現象
• 化学反応 
• 超伝導 
• トポロジカル状態 
• ...

多数の"粒子"が量子力学に従って"運動"

量子多体問題

量子力学の支配方程式＝シュレディンガー方程式
：ハミルトニアン
：状態ベクトル

エネルギー
= 固有値問題時間に依存 

しない場合

wikipedia"マイスナー効果", "トーラス"より

量子多体問題



量子多体問題の困難
シュレディンガー方程式：

• ベクトル空間の次元は"粒子数"に対して指数関数的に大きい 
• 量子多体問題～「巨大な行列」の固有値問題
（古典的な）計算機でこの問題を（厳密に）解くには、 

膨大なメモリと計算時間が必要
計算科学でのアプローチ

量子モンテカルロ法： • 統計誤差の範囲で厳密な答えが得られる 
• 古典計算機でも大きな系が取り扱える 
• 符号問題により、適用できる系が限られる

変分法： • 状態ベクトル（波動関数）の形を仮定して計算量を減らす 
• どんな系にでも適用できる（ことが多い） 
• 仮定した波動関数によるバイアスが存在する

対角化： • そのまま固有値問題を解くため厳密 
• S=1/2の量子スピン系では50 qubit程度が限界



変分法

例：最低エネルギー状態 コスト関数：

Fの最小値 
その時の

変分法
• 固有値問題の近似解を得る方法の一つ 
• Fの最小値を制限された空間の範囲で探す

の形を仮定する＝試行関数、変分波動関数
• 良い試行関数→高精度の最低エネルギー

テンソルネットワークに
よる効率的な試行関数

• 複雑な試行関数→コスト関数の計算量が増大



テンソルネットワークによる情報圧縮
指数関数的に大きな状態空間を全て扱うことは不可能

実効的な次元を減らしたい

情報のエンタングルメントに注目することで、 
適切な部分空間を構成

テンソルネットワーク状態：

ヒルベルト空間

部分空間

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

テンソルネットワーク分解

量子エンタングルメ
ントの構造を利用

一般の量子状態



ダイアグラムを用いたテンソル表記

：• ベクトル

• 行列 ：

：• テンソル

＊n階のテンソル＝n本の足テンソルの積（縮約）の表現

＝ A BC

AB

C



量子多体状態のテンソルネットワーク表現
量子多体状態：

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態 (a)

小さいテンソルに分解

(b) (c)
PEPS, TPS (for 2d system)

基底
量子スピン・bit：

量子化学：
i = 原子軌道・分子軌道の占有数

係数はテンソル

~eNの独立要素

テンソルネットワーク分解

量子相関の 
特徴を利用した近似

~O(N)の独立要素

D: テンソルTの各足の大きさ

良いネットワークを選ぶことで、量子多体状態を効率的に表現できる
ex. TPS: 独立な要素数~ ND4

指数関数→線形



良いネットワークの選び方： 
エンタングルメントエントロピーの面積則

一般の状態ベクトル：
A

B

LEE は 部分系の体積（スピン数）に比例

基底状態ベクトル：
多くの低エネルギー状態では, EE は面積に比例

A B

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

基底状態はヒルベルト空間の狭い部分空間で表現可能

（c.f. ランダムベクトル）

エンタングルメントエントロピー（EE）：
部分系の縮約密度行列:

EE= ρA のvon Neumann エントロピー



テンソル積状態（TPS）：面積則を満たすTNS

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

(AKLT, T. Nishino, K. Okunishi, …) TPS (Tensor Product State)

例：2次元正方格子のTPS
4+1 階のテンソルが敷き詰められたネットワーク

局所自由度：s
Virtual自由度：i, j, k, l

各インデックスの次元＝ボンド次元（D）
変分波動関数としての精度に関係するパラメタ（D→∞で厳密に）

TPSを変分波動関数とする変分法
• 面積則を満たすため、有限Dでも精度の良い近似 

• 無限系も直接、有限のDで計算できる：iTPS 
• テンソルネットワークのみを仮定した、バイアスの少ない変分波動関数 

• ボンド次元の増大により、系統的に精度を改善できる



無限系のテンソル積状態：iTPS
状態ベクトルに並進対称性がある場合：

並進の演算子 位相はつかない

同じテンソルを周期的に（無限に）並べることで、 
無限系の波動関数が有限の自由度で表現可能

2サイトユニットセル 4サイトユニットセル

＊対象の周期が不明な場合は、複数のユニットセルで 
計算したエネルギーを比較し、適切なユニットセルを探す

→TeNeSでは、正方格子のiTPSを扱う



iTPSを用いた計算アルゴリズム

基底状態の物性を調べるためには、
1. エネルギー期待値などの物理量計算 
2. iTPSの最適化

の二つの計算が少なくとも必要

＊TPSでは「テンソルネットワークの縮約」の厳密計算は困難
このネットワークの縮約には、 
指数関数的に大きな計算量が必要

近似的な縮約
• テンソル繰り込み 
• 境界MPS法 
• 角転送行列法 
• 平均場環境



角転送行列法による近似的な縮約
先ほどのネットワークを簡略化：

角転送行列表現

Corner transfer matrix Edge tensor

Corner transfer matrix Edge tensor

ボンド次元：D ボンド次元：D2

角転送行列

エッジテンソル

χ

χ

無限に広がった環境を"ボンド次元"χの角転送行列で近似的に表現
角転送行列とエッジテンソルは、
 のコストで計算可能（詳細はマニュアル・参考文献参照）

＊通常、χ∝O(D2)でスケールするため縮約コストはO(D10)
＊χは物理量が収束するように十分に大きく取る



角転送行列法による物理量の計算
角転送行列を用いれば局所的な物理量は（比較的）簡単に計算可能

,

,

1サイト物理量：

2サイト物理量：

,,

＊計算するダイアグラムが（２次元的に）大きくなると、縮約コストは大きく増える
• 対角方向に長距離の相関関数 
• 大きなクラスタの多体相互作用

TeNeSでも原理的に計算可能だが、 
長時間の計算が必要



平均場環境
各ボンドに平均場的な環境を考えて期待値を計算平均場環境：

テンソルネットワーク内の 
ループ構造を無視する状況で正確

縮約コスト：

縮約コスト：

：平均場テンソル

*正方格子では近似になるため、 
エネルギーの変分的にならない計算が非常に軽くなるが、近似も大きい



iTPSの最適化
iTPSの典型的な最適化法

2. 虚時間発展法

同じボンド次元のiTPSに再度近似

虚時間発展演算子をかけると、iTPSのボンド次元が増大

1. 変分最適化法

3

(CTM) renormalization group method,29,30 for arbitrary
unit cell sizes20,32 which is summarized in the following.

Consider the problem of computing the norm of an
iPEPS h | i, which boils down to contracting the in-
finite 2D square lattice network of the reduced tensors
a[x,y], shown in Fig. 1(c), where each a[x,y] is obtained
from contracting A[x,y] with its conjugate tensor A†[x,y],
see Fig. 1(b). The goal of the CTM approach is to com-
pute the four corner tensors C1, C2, C3, C4, and the four
edge tensors T1, T2, T3, T4 for each coordinate [x, y] in
the unit cell, where each corner tensor represents a quad-
rant and the edge tensors a half-row (or half-column) of
the infinite 2D network. All these tensors together form
the so-called environment, representing the infinite sys-
tem surrounding a bulk site (or several bulk sites), as
shown in Fig. 1(c). Once the environment has been com-
puted, one can easily evaluate expectation values of local
observables by introducing the corresponding operators
in between the physical legs of the iPEPS tensors.

The environment tensors are computed iteratively by
letting the system grow in all directions. One starts from
an initial guess for the boundary tensors, either by initial-
izing them randomly, or alternatively one can initialize
them with the bulk tensors (by tracing out the auxiliary
bonds on the edges). In the directional CTM approach30

one first performs a growth step on e.g. the left side of
the system (called a left move), by introducing a new col-
umn of tensors, multiplying them onto the left boundary
tensors, followed by a renormalization step, see Fig. 1(d).

In the renormalization step a bond dimension � is kept
at the boundary which controls the accuracy of the ap-
proximate contraction. There are di↵erent ways how to
perform this renormalization step. Here we use a set of
projectors P and P̃ , introduced in Refs. 33 and 34 and
first applied in the CTM method in Ref. 20, to project
from the enlarged space �D2 down to a dimension �.
These projectors are then used to compute the renormal-
ized corner- and edge tensors, C 0

1, C
0
4, and T 0

4, as shown
in Fig. 1(e).

For a unit cell of size Lx ⇥ Ly one proceeds in the
following way for a full left move (i.e. an absorption of
the entire unit cell into the left boundary):

• Do for all x 2 [1, Lx]

– Do for all y 2 [1, Ly]

⇤ Compute the projectors P [x�1,y] and
P̃ [x�1,y] (see Ref. 20 for details)

– Do for all y 2 [1, Ly]

⇤ Compute the new renormalized corner

tensors C 0[x,y]
1 , C 0[x,y]

4 , and edge tensor

T 0[x,y]
4 , as shown in Fig. 1(e)

After a full left move one proceeds with a full right-,
top-, bottom-move in a similar way, and reiterates until
convergence is reached (e.g. by checking the convergence
of the energy with CTM iterations).

C. Optimization based on imaginary time evolution

In order to get an approximate representation of the
ground state of a given Hamiltonian Ĥ, the tensors need
to be optimized, i.e. one needs to find the best variational
parameters stored in the tensors. In previous iPEPS sim-
ulations this has been done based on an imaginary time
evolution (ITE) of an initial (e.g. random) state. Using a
Trotter-Suzuki decomposition the imaginary time evolu-
tion operator is split into a product of two-site operators,

e��Ĥ = e��
P

b Ĥb ⇡
 
Y

b

Ûb

!n

, Ûb = e�⌧Ĥb , (1)

where the product goes over all nearest-neighbor bonds b
in the unit cell (assuming a Hamiltonian with only
nearest-neighbor terms), Ĥb is the Hamiltonian term on
bond b, and ⌧ = �/n is a small imaginary time step. The
error of the Trotter-Suzuki decomposition decreases with
the size of the time-step ⌧ .35 The ITE is then performed
by sequentially multiplying the two-site operators Ûb to
the iPEPS and representing the resulting wave function
again as an iPEPS with the same bond dimension, until
convergence is reached. There exist di↵erent schemes to
truncate of a bond. In the so-called simple update scheme
the truncation is done based on a local singular value
decomposition,26,27,36 whereas in the full-update10,27 (or
fast-full update28) the entire 2D wave function is taken
into account for the truncation of a bond index. The sim-
ple update is computationally cheaper, but less accurate
than the full update.

III. VARIATIONAL OPTIMIZATION

A. Basic idea

Variational optimization schemes are commonly used
in MPS based algorithms,1,3 and have already been ap-
plied to finite PEPS,2,5,6 but not yet to iPEPS. The main
idea is to iteratively optimize one tensor after the other
until convergence is reached. Optimizing a single ten-
sor A (while keeping all other tensors fixed) boils down
to minimizing the energy with respect to tensor A,

min
A

E(A) = min
A

h (A)|Ĥ| (A)i
h (A)| (A)i = min

~A

~A†
H ~A

~A†N ~A
(2)

where the tensor A and its conjugate have been reshaped
into vectors. The matrices N and H correspond to the
(reshaped) tensor network representing the norm and the
expectation value of Ĥ excluding the tensor A and its
conjugate A†, respectively, see Fig. 2. Minimizing with
respect to A† yields a generalized eigenvalue problem,

@

@ ~A†

 
~A†
H ~A

~A†N ~A

!
= 0, ! H ~A = EN ~A. (3)

長時間の虚時間発展で基底状態を得る

エネルギー期待値を最小にする様にテンソルを変化させる

L. Vanderstraeten et al , Phys. Rev. B 94, 155123 (2016).
P. Corboz, Phys. Rev. B 94, 035133 (2016).

H.-J. Liao et al, Phys. Rev. X 9, 31041 (2019).

＊微分の計算が困難だったが、最近発展

＊TeNeSでは虚時間発展を採用→実時間発展も同様のアルゴリズム



iTPSの（虚）時間発展法
虚時間発展の分解：（仮定）ハミルトニアンは二体相互作用の和

小さな時間刻みτ 
での虚時間発展

鈴木-トロッター分解

（＊より高次の近似を考えることもできる）

全体の虚時間発展

Subset 1:

Subset 2:相互作用を 
可換な組に分解

Subset 1:

Subset 2:



iTPSの（虚）時間発展法
打ち切りによる近似
（虚）時間発展後の状態を再び、iTPSで近似する

Bond dimension = DBond dimension = D

この近似は最小化問題： 並進対称性の影響で非線型 
の難しい最適化問題....

局所近似する：

Bond dimension = DBond dimension = D

Bond dimension = DBond dimension = D

Copy Copy

並進対称性を利用して 
全体にコピー



iTPSの（虚）時間発展法
最適化問題の解法

Bond dimension = DBond dimension = D

コスト関数は角転送行列を用いて計算可能：O(D10)

Full update法と呼ばれる (cf. R. Orus et al, Phys. Rev. B 80, 094403 (2009))

より計算の軽い近似最適化？

: Non-negative diagonal matrix

さらに近似した環境を用いて、完全な局所問題に置き換える
: Non-negative diagonal matrix非負の対角行列=近似環境

Simple update法と呼ばれる (H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))



iTPSの（虚）時間発展法
Simple update法

: Non-negative diagonal matrix

: Non-negative diagonal matrix非負の対角行列=近似環境

(H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))

SVD

Truncation to
bond-dimension D

Matrix

右辺のダイアグラムを行列だと考え、特異値分解による低ランク近似

次のステップでの 
環境として用いるSimple update法のデメリット：

計算コスト：（QR分解を使うと）O(D5)

• 初期状態依存性が大きく、不適切な状態に最適化がトラップされる場合がある 
• ランダムな状態から始めた場合、長距離相関を成長させることが苦手 

• 量子臨界点近傍などでは、full update法の方が良い

とても軽い！

縮約に出てきた平均場
と本質的に同一



テンソルネットワーク法の適用例

Quantum many-body systems accommodate various exotic
states and phenomena. One of the most notable examples
is Bose–Einstein condensation (BEC), where a macro-

scopic number of bosonic particles occupy a single particle state
as in a superfluid state of liquid 4He and in cold atomic gases.
With the aid of attractive force, fermions in pairs can also
condensate as in a superconducting state of electrons. In most
antiferromagnetic insulators, the elementary excitation is a
bosonic excitation magnon, and this can form a BEC1–3. Inter-
estingly, interactions between magnons and couplings with the
basal crystalline lattice lead to rich physics in quantum anti-
ferromagnets, thereby distinguishing it from the canonical BEC.

The magnon picture has proven extremely fruitful for several
antiferromagnets composed of spin-1/2 pairs with a spin-singlet
(S= 0) ground-state, and triplet (S= 1) excitations called tri-
plons. The triplons are similar to conventional magnons excited
in an ordered antiferromagnet because both carry the spin
angular momentum of ħ, and thus the two terms are occasionally
used interchangeably2,3. At a critical applied magnetic field, the
energy of one of the Zeeman-split triplet components intersects
the ground-state singlet, thereby resulting in a long-range mag-
netic order. Specifically, the transition corresponds to a BEC of
diluted triplons (magnons), and this is typically observed in
TlCuCl34,5. Above the critical field, the magnetization starts to
increase linearly when the density of magnons increases with
magnetic field. The magnetic field acts as a chemical potential for
magnons, and thus controls the density of the magnons (which is
proportional to the magnetization).

In simple spin systems, the magnetization increases smoothly
with the magnetic field and eventually saturates. However, in
certain quantum magnets, flat regions termed as magnetization
plateaus appear at fractional magnetizations before saturation.
There are two types of magnetization plateaus: a classical one
that is described by a collinear arrangement of classical spins
and a quantum state comprising entangled spins6. Classical
magnetization plateaus are observed in triangular magnets,
such as Cs2CuBr47 and Ba3CoSb2O9

8,9, and the quantum pla-
teaus in dimer magnets such as NH4CuCl310 and
SrCu2(BO3)211.

A transition to a quantum plateau as a function of magnetic
field is considered to be a superfluid-insulator transition of hard-
core bosons (magnons). Interacting magnons in a BEC state tend
to localize due to the suppression of kinetic energy and eventually
crystallize to become “insulating” such as Mott insulators in
strongly correlated electron systems12. The magnon crystal
exhibits a fixed density of magnons, and thus the magnetization
remains at a fractional value of the full magnetization in a field
range6. The fractional value of magnetization is attributed to the
commensurability of the magnon crystal when there is no topo-
logical order. The number of magnons, QmagS(1 – m), in the
magnetic unit cell should be an integer where Qmag, S, m denote
the number of spins in the magnetic unit cell, the spin quantum
number, and the magnetization divided by the saturation mag-
netization, respectively13. In SrCu2(BO3)2, which comprises pairs
of Cu2+ ions arranged orthogonally to each other in the sheet to
form a Shastry–Sutherland lattice11, a series of magnetization
plateaus appear at m= 1/8, 1/4, 1/3 (Qmag= 16, 8, 12)14,15; and
nuclear magnetic resonance measurements directly confirmed
spontaneous translational symmetry breaking in the magnon
crystals16.

In the spin-1/2 kagomé antiferromagnet (KAFM)17–19, the
ground-state is a gapless or gapful spin liquid and the formation
of nontrivial magnons is theoretically expected immediately
below the saturation20. When the magnetic field is set to infini-
tesimally smaller than the saturation field Bs, a magnon with total
Sz= 2 in a hexagonal plaquette is generated in the fully polarized

spin state, which is the vacuum of magnons as schematically
depicted in Fig. 1. Each spin inside the hexagonal plaquette
equally carries fractional magnetization, and thus, the ‘hexagonal
magnon’’ corresponds to a highly quantum mechanical entity.
Given the absence of energy cost for magnon generation, the
density rapidly increases to 1/9 before the magnons overlap with
each other to feel mutual repulsion. This results in an decrease in
the magnetization from 1 to 7/9 at Bs20. Subsequently, a crys-
talline phase with a superstructure of the

ffiffiffi
3

p
×

ffiffiffi
3

p
unit cell with

Qmag= 9 is formed in a range of fields, thereby yielding a 7/9
magnetization plateau. A large magnon is emergently generated
on a hexagon of the kagomé lattice in the KAFM, which is sig-
nificantly different from dimer magnets with singlet and triplet
states that naturally occur on built-in pairs of Cu ions.

Here, we report the observation of a series of fractional mag-
netization plateaus in the kagomé antiferromagnet Cd-kapellasite
(CdK) and demonstrate the presence of emergent hexagonal
magnons in the kagomé lattice. Some of the observed magneti-
zation plateaus are reproduced by theoretical calculations for the
simple KAFM model, while the others may be stabilized by lattice
commensurability, additional long-range interactions, and
potentially coupling to lattice.

Results
Theoretical predictions for multiple plateaus. Recent calcula-
tions by the density-matrix-renormalization-group method, the
exact diagonalization, and the tensor network method show that
in addition to the well-established 7/9 plateau, three plateaus

0

1/9

3/9

5/9

7/9

1

M
/M

S

32

210

10
B /J

Spin

Magnon

Fig. 1 Calculated magnetization process for the spin-1/2 KAFM with the
nearest-neighbor interaction J. The tensor network method with the
projected entangled pair state (PEPS) is used. The vertical and horizontal
axes represent magnetizationM divided by saturated magnetizationMs and
magnetic field B divided by J, respectively. The top left inset shows a
schematic drawing of hexagonal magnons that are depicted by doughnuts
containing six entangled spins. The other intervening spins point upward in
the direction of magnetic field. The magnon crystal forms a superlattice
with a√3 ×√3 unit cell. The bottom right inset shows hexagonal magnons
expected to appear at the 1/3, 5/9, and 7/9 plateaus. In the upper part, the
magnons are defined by the total spin Sz= 0, 1, and 2 for the six spins on
the hexagon, respectively, while in the lower part based on the magnon
picture, the number of magnons correspond to 3 (hexagon+ double circle),
2 (single circle), and 1 (only hexagon), respectively. Using the bracket
notation, the one-magnon state with Sz= 2 is expressed as
P6

i¼1 "1ð ÞiS"i j0>, where the sum is obtained inside the hexagon, and j0>
denotes the saturated state
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例：（QMCのできない）フラストレート磁性体
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FIG. 4. The ground states under magnetic fields obtained from
D = 6 iTPS calculation. (a) Normalized magnetization curve, (b)
average local magnetization, (c) average local moment at T = 0
calculated using the tensor network method assuming the ratios of
the evaluated exchange constants. The illustrations describe the pre-
dicted collinear spin structure at H = 0 and field-enhanced reduction
of the local moment near the 1/2-plateau-like phase.

studies, we confirmed that the ab initio MO calculations
for verdazyl-based compounds provide reliable values of ex-
change interactions to qualitatively examine their intrinsic
behavior [45–49]. Thus, we assumed the evaluated exchange
constants to examine the qualitative behavior and fixed the
ratios as follows: J2/J1 = −0.82, J3/J1 = −0.66, J4/J1 =
−0.61, J5/J1 = 0.26, and J6/J1 = 0.20. Figure 4(a) shows
the calculated magnetization curve at T = 0, which qualita-
tively reproduces the low-field convex function and subse-
quent 1/2-plateau-like behavior. In the ground state at H = 0,
a collinear structure with twofold periodicity is realized in
each site, as shown in Fig. 4(a). Spins connected by the
weakest FM J6 in site 1 arrange in the opposite direction
to minimize an increase in the ground-state energy due to
the frustration. In the low-field region below |H/J1|"0.8,
the spins in site 1 gradually tilt toward the field direction
(H//z) with increasing field. The average local magnetization
for the field direction 〈Sz〉 in site 1 increases monotonically
up to |H/J1|"0.8, but it is still not fully polarized because
of the contribution of AFM J3 and J4 between two sites, as
shown in Fig. 4(b). Consequently, the intensively polarized
spins in site 1 do not have sufficient degrees of freedom
to modify the ground state, and site 2 forms an effective
1D J2-J5 chain. This effective 1D chain induces quantum
fluctuations attributed to its low dimensionality, resulting
in a field-enhanced reduction of the average local moment
(〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2)1/2 associated with the 1/2-plateau-
like behavior, as shown in Fig. 4(c). In the field region above
approximately |H/J1|"1.2, magnetizations in both sites in-
crease toward the fully polarized phase.
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FIG. 5. (a) 31P-NMR spectra of (o-MePy-V)PF6 at 1.4 K with
various magnetic fields for H//b. (b) Local magnetic field Hloc of
P(1) and P(2) evaluated from the spectra. (c) Temperature depen-
dence of T −1

1 for P(1) and P(2) at 2.5 and 5.0 T.

E. Nuclear magnetic resonance

To investigate the local spin states, we performed 31P-NMR
measurements. Figure 5(a) shows the 31P-NMR spectra at
1.4 K for various magnetic fields along the b axis. Two
crystallographically independent P sites, P(1) and P(2), are
located on site 1 and site 2, respectively, as shown in Fig. 1(b).
We observed corresponding two-peak signals and evaluated
the magnetic shift as a local magnetic field Hloc, as shown in
Fig. 5(b). It is difficult to determine the hyperfine coupling
constants for this compound because the two peaks overlap
with each other above 20 K, owing to the small hyperfine
couplings. However, the right peak shows a relatively large
Hloc, while the Hloc of the left peak stays near 0 at 1.4 K,
as shown in Fig. 5(b). This result is consistent with the
expectation from the numerical analysis shown in Fig. 4(b),
where 〈Sz〉 for site 1 shows large values, while 〈Sz〉 for site
2 is almost zero at lower fields. Therefore, the right and left
peaks can be attributed to P(1) and P(2) sites, respectively.
The right peak is broadened below 3 T owing to the proximity
of the ordered phase, as shown in Fig. 5(a). The Hloc at P(1)
gradually increases with increasing H up to 3 T. Above 3 T,
the Hloc at P(1) shows almost field-independent behavior,
while Hloc at P(2) shows a small negative shift. This shift
at P(2) is considered to be related to the small increase of
〈Sz〉 for site 2 combined with a negative hyperfine coupling.
Figure 5(c) shows the temperature dependence of the nuclear
spin-lattice relaxation rate T −1

1 for P(1) and P(2). In the low-
field regime at 2.5 T, T −1

1 increases with decreasing temper-
ature, indicating a magnetic phase transition with a critical
slowing down at low temperature. Conversely, in the high-
field regime at 5 T, T −1

1 decreases with decreasing temperature
because of the disappearance of the ordered phase. For the
above measurements, the stretch exponent β has a relatively
small value probably because of the insufficient separation
between two sites and/or the inhomogeneous distribution of
the internal field [53].
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実時間発展と虚時間発展の違い

1. 虚時間発展は基底状態に向かうため、量子エンタングルメントがずっと
小さいが、実時間発展では通常、量子エンタングルメントが増大する

Ver. 2.0では実時間発展計算を導入 →基本アルゴリズムは虚時間発展と同じ

【実用上の違い】

長時間実時間発展シミュレーションで精度
を保つには、大きなボンド次元が必要

2. 虚時間発展では、最終的に到達する状態（基底状態）のみが重要だが、
実時間発展では、各時刻での状態の精度も大事

各時刻での精度には、ボンド次元の他、
Suzuki-Trotter分解の精度（誤差）も影響する



有限温度計算法
Ver. 2.0では有限温度計算にも対応

分配関数

密度行列期待値

TeNeSでは、密度行列をiTPO (infinite Tensor Product Operator) で近似
(cf. A. Kshetrimayum et al, PRL 122, 070502 (2019))

*cf. iMPO 



有限温度計算法

各温度の状態：初期状態  からの虚時間発展で得るρ(β = 0)

＊初期状態は単位行列

＊虚時間発展は基底状態計算とほぼ同じ
Bond dimension = DBond dimension = D

＊物理量計算も基底状態と同じCTMRG



有限温度計算と基底状態計算の違い

1. 近似された密度行列はエルミートな半正定値行列とは限らない

近似の誤差として負や複素数の固有値を持ち
うるため、非物理的な結果が生じる可能性

2. 有限温度計算では全体の計算コストが になり、基底状態計算より

も大きなボンド次元 での計算が可能

O(D6)
D

• 負の比熱 
• 基底状態より低いエネルギー 
• …

ボンド次元D の増大で改善
＊CTMRGのボンド次元では本
質的な改善にはならない

基底状態：

有限温度：
高温での表現能力は高い



（アルゴリズム）まとめ
• テンソルネットワーク状態を用いると量子多体系の基底状態が効率的に
表現できる 

• テンソル積状態はエンタングルメントの面積則を満たす良いテンソル
ネットワークになっている 

• 並進対称性があれば、無限系も有限自由度で取り扱える 

• 角転送行列により無限系の環境が近似的に計算可能 

• 平均場環境を用いれば（近似は大きいが）環境計算が軽くなる 

• 虚時間発展を用いることによりテンソル積状態を最適化可能 

• Ver. 2.0では、実時間発展と有限温度計算の機能も追加 

• 基底状態計算の自然な拡張として、テンソルネットワークが使える


