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Numerical diagonalization package for lattice hamiltonian 
-For wide range of quantum lattice hamiltonians 

 Ab initio effective hamiltonians 
-Lanczos method [1] and LOB(P)CG [2]: 

 Ground state and low-lying excited states 
 Excitation spectra of ground state 

-Thermal pure quantum (TPQ) state [2]: Finite temperatures 
-Real-time evolution 
-Parallelization with MPI and OpenMP (→並列化性能の紹介) 

HΦ 

Open source program package (latest release: ver.3.1.2) 
License: GNU GPL version3 

[1] E. Dagotto, Rev. Mod. Phys. 66, 763 (1994) . 
[2] A. V. Knyazev, SIAM J. Sci. Cumput. 23, 517 (2001). 
[3] S. Sugiura, A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012). 

For direct comparison between experiments and theory 
and promoting development of other numerical solvers   

Project for advancement of software usability in materials science” by ISSP 



Itinerant electrons: Hubbard-type model 

Target Hamiltonian 

Fermion Hubbard: Particle # & total Sz  conserved 
HubbardNConserved: Particle # conserved & total Sz not 
Fermion HubbardGC: Particle # & total Sz not conserved 

・Standard Hamiltonian 1 



Localized spin: Heisenberg-type model 

Target Hamiltonian 

Spin: total Sz conserved 
SpinGC: total Sz not conserved 

・Standard Hamiltonian 2  

prohibited 

S > 1/2 can be simulated 
if your memory is enough large 



Mixture: Kondo-lattice-type model 

Target Hamiltonian 

Kondo Lattice: Particle # & total Sz conserved 
Kondo LatticeGC: Particle # & total Sz not conserved 

・Standard Hamiltonian 3 

prohibited 
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W = 4 
L = 4 
model = "Hubbard" 
//method = "Lanczos” 
method = "TPQ" 
//method = "FullDiag" 
lattice = "Square" 
t = 1.0 
t' = 0.5 
U = �.0 
nelec = 16 
2Sz = 0�

Primitive Standard Input File  
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Output 
Ground-state/finite-temperature/time-evolution of 
-Energy 
-Square of energy 
-One-body equal time Green’s function 
-Two-body equal time Green’s/correlation function 

-Dynamical Green’s function is also available 
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An Example of Expert Input: 
Ab Initio Spin Hamiltonian 

Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014). 

An example: Frustrated magnet Na2IrO3 
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An Example of Expert Input: 
Ab Initio Spin Hamiltonian 

Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, & M. Imada, Phys. Rev. Lett. 113, 107201 (2014). 

cf.) RESPACK 
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Overview of Software HΦ 
-Language: C 
-Compiler: C & Fortran compiler 
-Library: BLAS, LAPACK, Kω (distributed with HΦ) 
            (optional: MPI, Scalapack, MAGMA) 
-Parallelization: OpenMP & MPI 

For installation, cmake is required 
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W = 4 
L = 4 
model = "Hubbard” 
method = "TPQ” 
lattice = "Square" 
t = 1.0 
t' = 0.5 
U = �.0 
nelec = 16 
2Sz = 0�

Standard input 

Making input files 
from scratch 

Standard interface 

Def. files for Hamiltonian�

Expert input 

Def. files for controlling simulation�

Expert interface 

Subroutines: 
-Lanczos 
-CG 
-TPQ 
-TimeEvolution 
-Full diag. 
 (LAPACK, Scalapack, MAGMA) 

Flow of Simulation 

Standard output 
Output files 



Algorithm Implemented in HΦ: 
Lanczos & LOBCG 

 



Krylov Subspace Method 
for Sparse and Huge Matrices  

Alexey Krylov 
Aleksey Nikolaevich Krylov 
1863-1945 
Russian naval engineer and applied mathematician 

Krylov subspace 

Cornelius Lanczos 1950 
Walter Edwin Arnoldi 1951 

Numerical cost to construct Kn: 

*nnz: Number of non-zero 
   entries/elements 

Numerical cost to orthogonalize Kn: 
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Krylov Subspace Method 



Lanczos Method 

���



Lanczos Method 

���

Orthogonalization 



Lanczos Method 

���

Hamiltonian projected onto m D Krylov subsace 

Eigenvalues of projected Hamiltonian 
→ Approximate eigenvalues of original Hamiltonian 



Lanczos Method: # of Vectors Required 

���



Convergence of Lanczos Method 

���

Yousef Saad, 
Numerical Methods for Large Eigenvalue Problems (2nd ed) 
The Society for Industrial and Applied Mathematics 2011 

Convergence theorem for the largest eigenvalue 

Assumption: 
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24 site cluster of Kitaev-Γ model (frustrated S =1/2 spins) 
Dimension of Fock space: 224=16777216 

Sparse intermediate eigenvalues: Not correct 
Smallest and largest eigenvalues: Well converged 
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How Lanczos Method Works 
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E0 = -7.8870906929 (converged) 
E0 = -7.8870906928 (75 steps) 



LOB(P)CG 
Algorithm of LOBCG: m lowest eigenstates 
Initial condition: 

←approximation of i th smallest eigenvalue 

←m smallest eigenstates are chosen from 3m states 



Algorithm Implemented in HΦ: 
TPQ 

(Finite-Temperature Simulation) 



Finite-Temperature Physical Quantity: 
Heat Capacity 

～69GB Hamiltonian 
～3x108TB! 

Spread of energy distribution 
32 site cluster of S=1/2 spin 

-Average with Boltzmann distribution 

Complexity 

Memory 
���



Complexity 

Memory 

N. Ullah, Nucl. Phys. 58, 65 (1964). 
-Uniform distribution on 
 unit sphere in 

Typical Pure State Approach 

M. Imada & M. Takahashi, J. Phys. Soc. Jpn. 55, 3354 (1986). 

Imada-Takahashi (1986) 
Lloyd (1988) 
Jacklic-Prelovsek (1994) 
Hams-De Raedt (2000) 
Sugiura-Shimizu (2012, 2013) 
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Typical state: Random vector 

Average over the distribution 
At finite temperature 

How large is the standard deviation? 



Typical Pure State Approach 
A. Hams & H. De Raedt, Phys. Rev. E 62, 4365 (2000). 
A. Sugita, RIMS Kokyuroku (Kyoto) 1507, 147 (2006). 
P. Reimann, Phys. Rev. Lett. 99, 160404 (2007). 
S. Sugiura & A. Shimizu, Phys. Rev. Lett. 108, 240401 (2012). 

S. Sugiura & A. Shimizu, Phys. Rev. Lett. 111, 010401 (2013). 

���

Exponetially small when system size increases 

Seth Lloyd, Ph.D. Thesis, Rockefeller University (1988); arXiv:1307.0378. 



有限温度計算手法: TPQ 

Sugiura & Shimizu, Phys. Rev. Lett. 108, 240401 (2012) 

Initial state ( at T = +∞ ): 
do k=1,Nstep 

enddo 

If possible, taking  random average 

Thermal Pure Quantum (TPQ) States 

Construction of Typical Pure State 

���

Hamiltonian-wave function product is essential 
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Example of TPQ: Effective Hamiltonian 
of α-RuCl3, K-Γ-J3 Model 

Nearest neighbor 

3rd neighbor 
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model = "SpinGC”
method = "TPQ"
lattice = "Honeycomb”
a0w = 2
a0l = 2
a1w = 4
a1l = -2
J0x = -0.80901699437
J0yz = 0.58778525229
J0zy = 0.58778525229
J1zx = 0.58778525229
J1y = -0.80901699437
J1xz = 0.58778525229
J2xy = 0.58778525229
J2yx = 0.58778525229
J2z = -0.80901699437
h = 0.07071067811
Gamma = -0.07071067811
2S=1�

How to Simulate K-Γ-J3 Model 

Add Exchange)
and Ising by 
Expert mode 
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Univ. of Tokyo, ISSP 
Kota Ido 

Algorithm Implemented in HΦ: 
Real time evolution 



Quantum'Dynamics�

Ė�

that due to the interference of the two laser beams, V0 is
four times larger than Vtrap if the laser power and beam
parameters of the two interfering lasers are equal.

Periodic potentials in two dimensions can be formed
by overlapping two optical standing waves along differ-
ent, usually orthogonal, directions. For orthogonal po-
larization vectors of the two laser fields, no interference
terms appear. The resulting optical potential in the cen-
ter of the trap is then a simple sum of a purely sinusoidal
potential in both directions.

In such a two-dimensional optical lattice potential, at-
oms are confined to arrays of tightly confining one-
dimensional tubes !see Fig. 4"a#$. For typical experimen-
tal parameters, the harmonic trapping frequencies along
the tube are very weak "on the order of 10–200 Hz#,
while in the radial direction the trapping frequencies can
become as high as up to 100 kHz. For sufficiently deep
lattice depths, atoms can move only axially along the
tube. In this manner, it is possible to realize quantum
wires with neutral atoms, which allows one to study
strongly correlated gases in one dimension, as discussed
in Sec. V. Arrays of such quantum wires have been real-
ized "Greiner et al., 2001; Moritz et al., 2003; Kinoshita et
al., 2004; Paredes et al., 2004; Tolra et al., 2004#.

For the creation of a three-dimensional lattice poten-
tial, three orthogonal optical standing waves have to be
overlapped. The simplest case of independent standing
waves, with no cross interference between laser beams
of different standing waves, can be realized by choosing
orthogonal polarization vectors and by using slightly dif-
ferent wavelengths for the three standing waves. The

resulting optical potential is then given by the sum of
three standing waves. In the center of the trap, for dis-
tances much smaller than the beam waist, the trapping
potential can be approximated as the sum of a homoge-
neous periodic lattice potential

Vp"x,y,z# = V0"sin2 kx + sin2 ky + sin2 kz# "36#

and an additional external harmonic confinement due to
the Gaussian laser beam profiles. In addition to this, a
confinement due to the magnetic trapping is often used.

For deep optical lattice potentials, the confinement on
a single lattice site is approximately harmonic. Atoms
are then tightly confined at a single lattice site, with trap-
ping frequencies !0 of up to 100 kHz. The energy "!0
=2Er"V0 /Er#1/2 of local oscillations in the well is on the
order of several recoil energies Er="2k2 /2m, which is a
natural measure of energy scales in optical lattice poten-
tials. Typical values of Er are in the range of several
kilohertz for 87Rb.

Spin-dependent optical lattice potentials. For large de-
tunings of the laser light forming the optical lattices
compared to the fine-structure splitting of a typical
alkali-metal atom, the resulting optical lattice potentials
are almost the same for all magnetic sublevels in the
ground-state manifold of the atom. However, for more
near-resonant light fields, situations can be created in
which different magnetic sublevels can be exposed to
vastly different optical potentials "Jessen and Deutsch,
1996#. Such spin-dependent lattice potentials can, e.g.,
be created in a standing wave configuration formed by
two counterpropagating laser beams with linear polar-
ization vectors enclosing an angle # "Jessen and Deutsch,
1996; Brennen et al., 1999; Jaksch et al., 1999; Mandel et
al., 2003a#. The resulting standing wave light field can be
decomposed into a superposition of a $+- and a
$−-polarized standing wave laser field, giving rise to lat-
tice potentials V+"x ,##=V0 cos2"kx+# /2# and V−"x ,##
=V0 cos2"kx−# /2#. By changing the polarization angle #,
one can control the relative separation between the two
potentials %x= "# /&#'x /2. When # is increased, both po-
tentials shift in opposite directions and overlap again
when #=n&, with n an integer. Such a configuration has
been used to coherently move atoms across lattices and
realize quantum gates between them "Jaksch et al., 1999;
Mandel et al., 2003a, 2003b#. Spin-dependent lattice po-
tentials furthermore offer a convenient way to tune in-
teractions between two atoms in different spin states. By
shifting the spin-dependent lattices relative to each
other, the overlap of the on-site spatial wave function
can be tuned between zero and its maximum value, thus
controlling the interspecies interaction strength within a
restricted range. Recently, Sebby-Strabley et al. "2006#
have also demonstrated a novel spin-dependent lattice
geometry, in which 2D arrays of double-well potentials
could be realized. Such “superlattice” structures allow
for versatile intrawell and interwell manipulation possi-
bilities "Fölling et al., 2007; Lee et al., 2007; Sebby-
Strabley et al., 2007#. A variety of lattice structures can
be obtained by interfering laser beams under different

(a)

(b)

FIG. 4. "Color online# Optical lattices. "a# Two- and "b# three-
dimensional optical lattice potentials formed by superimposing
two or three orthogonal standing waves. For a two-
dimensional optical lattice, the atoms are confined to an array
of tightly confining one-dimensional potential tubes, whereas
in the three-dimensional case the optical lattice can be ap-
proximated by a three-dimensional simple cubic array of
tightly confining harmonic-oscillator potentials at each lattice
site.

896 Bloch, Dalibard, and Zwerger: Many-body physics with ultracold gases

Rev. Mod. Phys., Vol. 80, No. 3, July–September 2008
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one-dimensional organic with a half-filled !-electron band.
Strong on-site Coulomb repulsion leads to a Mott-insulating
state with a transition to a dimerized spin-Peierls (SP) state
below TSP ¼ 395 K due to a strong spin-lattice interaction.

Photoexcitation creates localized carriers which destabilize
the magnetic state resulting in melting of the spin-Peierls
phase in<400 fs. Spectroscopic evidence for this is shown in
Fig. 20. The peak at "1 eV (solid line) in Fig. 20(a) is a
charge-transfer transition, while the circles are photocurrent
measurements of the onset of which is "0:5 eV above the
excitonic charge-transfer transition and corresponds to the
creation of unbound electron-hole pairs. The photoinduced
(150 fs, 1.55 eV pulses) absolute reflectivity change !R as a
function of probe photon energy at various time delays is
shown in Fig. 20(b). There are two features. A positive !R at
lower energies is ascribed to small polarons. The ultrafast
decrease of!R between 0.75 and 1.75 eV is spectrally similar
to dR=dE [see Fig. 20(c)] determined using the static spec-
trum in Fig. 20(a). This differential response is associated
with a decrease in dimerization based on analysis of the
temperature-dependent redshift of the charge-transfer peak
which follows the changes in the x-ray reflection intensity
associated with dimerization. Thus, the picture that emerges
is that photoexcitation leads to the formation of polarons
which break spin-singlet dimers that, in turn, destabilize the
spin-Peierls phase. Analysis of the oscillatory time-domain
response of !R=R (not shown) indicates that this ‘‘melting’’
of the spin-Peierls phase initiates a coherent excitation of the
20 cm#1 mode corresponding to the lattice distortion asso-
ciated with dimerization.

Further ultrafast studies using shorter pulses (sub-10 fs)
comparing the response of the spin-Peierls compound K-
TCNQ with a pure Mott analog ðBEDT-TTFÞðF2TCNQÞ

[where BEDT-TTF or ET stands for bis-(ethylenedithio)
tetrathiafulvalene] show remarkably different responses at
early times (Okamoto et al., 2007; Wall et al., 2009;
Uemura et al., 2010), as shown in Fig. 21. These results

ν

FIG. 19 (color online). Depiction of a photoinduced phase tran-
sition showing the potential energy as a function of a generalized
structural coordinate. The basic idea is the so-called ‘‘domino
effect’’: Photoexcitation initiates a structural change which, in
turn, drives an electronic phase transition with an order parameter
different from that in the ground state. The energy barrier to obtain
the new long-range (though likely metastable) ordered phase is
greater than kbT. The dashed arrows labeled (i) and (ii) depict
electronic and vibrational routes toward inducing a phase transition.
From Nasu, 2004.
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FIG. 20 (color online). (a) Reflectivity and photocurrent measured
on K-TCNQ as a function of frequency taken at room temperature
which is well below TSP ¼ 395 K. The peak at 1 eV corresponds to
an excitonic charge-transfer excitation and the onset of a photo-
current response at "0:5 eV above this is due to the excitation of
unbound electron-hole pairs. (b) Spectral dependence of photo-
induced absolute reflectivity change !R at various time delays
following excitation. The lowest-energy peak arises from polaron
formation while the change in the charge-transfer peak suggests
‘‘melting’’ of the spin-Peierls phase. (c) The derivative of reflectiv-
ity in (a) with respect to photon energy shows a similar spectral
response to the time-resolved data which supports the interpretation
of the dynamics. From Okamoto et al., 2006.

FIG. 21 (color online). Ultrafast dynamics measured on K-TCNQ
and ðBEDT-TTFÞðF2TCNQÞ. The spin-Pierels compound K-TCNQ
(black line) shows a structural bottleneck in that the rise time is
320 fs while the Mott-Hubbard compound K-TCNQ (gray line),
with a rise time of 19 fs, does not exhibit a structural bottleneck. In
addition, the oscillations in the K-TCNQ data results from the
coherent excitation of vibrational modes as shown in the inset.
From Wall et al., 2009.

496 Basov et al.: Electrodynamics of correlated electron materials

Rev. Mod. Phys., Vol. 83, No. 2, April–June 2011

Basov'et'al.','Rev.'Mod.'Phys.83,431(2011).'
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Appendix: Formulation of 
Quantum Many-Body Problem 



Three-body problem: 
→ Number of states = 23 (factor２ from spin) 

F. R. Braakman, et al., Nat. Nano. 8, 432 (2013) 

量子ドット: 
-電子１つを閉じ込めることができる“箱” 
-1電子トランジスタや量子コンピュータを 
 作るための量子ビットとして使われる 

Quantum Many-Body Problems 

States represented by 
superposition 

Quantum dot: 
-A quantum box can confine a single 
electron 
-Utilized for single electron transistor, 
quantum computers 

An example: 3 Quantum dots 



Quantum Many-Body Problems 
Mutual Interactions 

A two dimensional representation 
of Lie algebra SU(2) 

Operators acting on 
    a single qubit 



Decimal representation of orthonormalized basis 

2N-dimensional Fock space: 

Vectors in Fock Space 
Correspondence between spin and bit 

Wave function as a vector 



Hamiltonian matrix 

Vectors and Matrices in Fock Space 
Inner product of vectors 

Orthonomalized basis: 



Decimal representation of orthonormalized basis 

Useful transformation: 
Ladder operators 

Example: Two Spins 

Problem: Find 4 by 4 Hamiltonian matrix that describes 



Matrix element 

Answer of the Problem 

4 by 4 Hamiltonian matrix 



Answer of the Problem 2: 
Energy Spectrum of the Two Spins 


